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Cylindrically symmetric n-dimensional (un)charged de Sitter and anti-de Sitter black holes
in generic f (T) gravity
Mustapha Azreg-Aı¨nou1
1Bas¸kent University, Engineering Faculty, Bag˘lıca Campus, Ankara, Turkey
Given a generic function f (T) we construct in almost closed forms cylindrically symmetric n-
dimensional uncharged and charged de Sitter and anti-de Sitter solutions (including black holes,
wormholes and possibly other regular solutions) in f (T) gravity. Applications to some knownmodels
are considered.
I. INTRODUCTION
Black hole solutions endowed with cylindrical sym-
metry to quadratic and cubic models of f (T) gravity
under very restricted conditions are known in the lit-
erature [1, 2]. The purpose of this work is to tackle the
generic case where the function f (T) is unspecified.
We first consider the uncharged case and provide full
details of the analysis yielding the most general solu-
tion in closed form for all f (T). Then we provide two
examples of applications for quadratic and cubic f (T)
with no constraints on the parameters of f (T). We will
show that the restrictions introduced on the parameters
of f (T), which have been made earlier by some works,
have masked some features of the solutions.
Second, we solve in full detail the charged case in al-
most closed form for any f (T). The final closed form of
the solutions depends on the solution of some algebraic
or transcendant equations. Again an application to the
quadratic case is considered with no restriction on the
parameters of f (T) nor on the cosmological constant.
Consider1 the Lagrangian [3, 4]
L = 1
2κ
∫
e
(
f (T) + 2Λ
)
dnx+
∫
eLmat dnx, (1)
where Lmat is the matter term, Λ is the n-dimensional
cosmological constant
Λ =
(n− 1)(n− 2)
2ℓ2
ǫ, ǫ = ±1, n ≥ 4, (2)
and f (T) includes nonlinear terms in the torsion T.
This Lagrangian generalizes that of the teleparallel
equivalent of general relativity (TEGR) [5], which uses
the vielbein vector fields ea = eaµ∂µ as fundamental
variables instead of the metric gµν, related to each other
by
gµν = ηabe
a
µe
b
ν, g
µν = ηabea
µeb
ν, e =
√
|g|, (3)
with ηab = (+,−,−,−, · · · ) being the metric of the n-
dimensional Minkowski spacetime and e ≡ |det(eaµ)|.
1 The correct expression is f (T) + 2Λ and not f (T)− 2Λ as taken by
some workers.
In cylindrical coordinates (t, r, φ3, φ4 · · · φk, zk+1, zk+2
· · · zn), to describe static solutions we introduce the fol-
lowing diagonal vielbein
(
eaµ
)
= diag
(√
A(r),
1√
B(r)
, r, r · · · r︸ ︷︷ ︸
k−2 terms
,
r
ℓ
,
r
ℓ
· · · r
ℓ︸ ︷︷ ︸
n−k terms
)
,
(4)
resulting in the metric
ds2 = A(r)dt2 − 1
B(r)
dr2 − r2
( k
∑
i=3
dφ2i +
n
∑
i=k+1
dz2i
ℓ2
)
.
(5)
Here k− 2 is the number of polar coordinates. Once the
metric is known one can evaluate the torsion T defined2
by [2, 6]
Tαµν = eb
α(∂µe
b
ν − ∂νebµ),
Kαµν =
1
2
(Tµαν + Tναµ − Tαµν),
Sαµν =
1
2
(Kµνα− gανTσµσ + gαµTσνσ),
T = TαµνS
αµν. (6)
We3 obtain [1]
T =
(n− 2)A′B
rA
+
(n− 2)(n− 3)B
r2
. (7)
2 Sαµν may be given in a more compact form as:
Sαµν =
1
4
(Tνµα+ Tαµα− Tµνα)− 1
2
gανTσµσ +
1
2
gαµTσνσ.
3 The expression of T given in Ref. [2] has an extra factor 2 in the term
including A′.
2II. VACUUM SOLUTIONS
In the absence of matter, Lmat = 0, the field equations
take the following form
2T fT − 2Λ− f = 0, (8)
2(n− 2)B fTTT′
r
+
(n− 2) fT[2(n− 3)AB+ rBA′ + rAB′]
r2A
− f − 2Λ = 0, (9)
fTT[r
2T + (n− 2)(n− 3)B]T′
(n− 2)r − f − 2Λ
+
fT
2r2A2
[
2r2ABA′′ − r2BA′2 + 4(n− 3)2A2B (10)
+ 2(2n− 5)rABA′ + r2AA′B′ + 2(n− 3)rA2B′
]
= 0,
where T′ ≡ ∂T/∂r, fT ≡ ∂ f/∂T and fTT ≡ ∂2 f/∂T2.
For all functions f (T), Eq. (8) is an algebraic one, thus,
in the absence of matter, it follows that the torsion T is
constant. This constant depends on Λ and on the pa-
rameters that enter into the definition of f (T). For short
we write T ≡ T(Λ, · · · ). Since, necessarily, f (0) = 0, we
conclude from (8) that the value of this constant must be
different from 0 if Λ 6= 0.
Since T = const 6= 0, all terms including T′ vanish.
Using (8) in (9) and (10) we bring them respectively to
(n− 2)[2(n− 3) + r(F+ G)] = 2Tr
2
B
, (11)
2F′ + F2 + 2(2n− 5) F
r
+ FG+ 2
(n− 3)
r2
[2(n− 3) + rG]
=
4T
B
, (12)
where
F ≡ A
′
A
, G ≡ B
′
B
. (13)
On eliminating T/B from (11) and (12) we arrive at the
master equation
2r2F′ + (rG+ 2n− 6)rF+ r2F2 − 2rG+ 12− 4n = 0,
(14)
and on eliminating T/B from (11) and (7) we arrive at
G = F, (15)
bringing thus (14) to
r2F′ + (n− 4)rF+ r2F2 + 6− 2n = 0. (16)
Direct integrations yield
F =
(3− n)r+ 2C1(n− 1)rn
r[r+ C1(n− 1)rn] , (17)
A = B = C1C2(n− 1)r2 + C2
rn−3
, (18)
where (C1, C2) are constants of integration. By (15) we
have A = const B and we can set const = 1 on rescaling
the time coordinate t (5). Following [2] we set C2 = −m,
where m is the mass parameter, and we fix the value of
C1 upon substituting (18) into (11)
C1 =
−T
(n− 2)(n− 1)2m . (19)
Finally the solution reads
A = B =
T(Λ, · · · )
(n− 2)(n− 1) r
2 − m
rn−3
, (20)
where T(Λ, · · · ) is the constant value of the torsion.
Hence if the solution of the algebraic Eq. (8) provides
a positive value for T(Λ, · · · ), the metric (20) describes
an anti-de Sitter solution with an effective cosmological
constant
Λeff =
3T(Λ, · · · )
(n− 2)(n− 1) > 0, (21)
and if the solution of the algebraic Eq. (8) provides a
negative value for T(Λ, · · · ), the metric (20) describes
a de Sitter solution with an effective cosmological con-
stant
Λeff =
3T(Λ, · · · )
(n− 2)(n− 1) < 0. (22)
As we shall see in the applications, the sign of Λeff is
independent of the sign of Λ (2). That is, for a given
ǫ, Λeff may have both signs depending on the other pa-
rameters entering the definition of f (T).
In the linear case, f (T) = T, Eq. (8) yields T = 2Λ and
Λeff =
6Λ
(n− 2)(n− 1) , for all Λ. (23)
In 4-dimensional spacetime, n = 4, we obtain Λeff =
Λ justifying the comment made in footnote 1. Had we
defined the Lagrangian with f (T)− 2Λ we would have
obtained Λeff = −Λ.
In the case Λ = 0, the algebraic Eq. (8) may admit fur-
ther solutions other than the trivial solution T = 0. This
means that a nonlinear f (T) would always generate an
effective cosmological constant.
Applications
We consider the cases f (T) = T + αT2 and f (T) =
T + αT2 + βT3 respectively.
1. f (T) = T + αT2
For f (T) including a quadratic torsion term
f (T) = T + αT2, α ∈ R, (24)
3we obtain solving (8), which takes the form
3αT2 + T − 2Λ = 0, (25)
two real solutions
T± = −1±
√
1+ 24αΛ
6α
, (26)
provided
24αΛ ≥ −1. (27)
This constraint is always satisfied if α and Λ have the
same sign. Thus,
α > 0, Λ > 0 :
{
T+ < 0, T = T+ ⇒ de Sitter
T− > 0, T = T− ⇒ anti-de Sitter
α < 0, Λ < 0 :
{
T+ > 0, T = T+ ⇒ anti-de Sitter
T− < 0, T = T− ⇒ de Sitter
α > 0, Λ < 0, 24αΛ ≥ −1 :
{
T+ < 0, T = T+ ⇒ de Sitter
T− < 0, T = T− ⇒ de Sitter
α < 0, Λ > 0, 24αΛ ≥ −1 :
{
T+ > 0, T = T+ ⇒ anti-de Sitter
T− > 0, T = T− ⇒ anti-de Sitter
Λ = 0 :
{
α > 0⇒ T+ < 0, T = T+ ⇒ de Sitter
α < 0⇒ T+ > 0, T = T+ ⇒ anti-de Sitter. (28)
The solution is given in (20) on replacing T(Λ, · · · ) by
T± (26). We see that when α and Λ have opposite signs,
it is the sign of Λ that determines the nature of the solu-
tion: For Λ < 0 the solution is of the de Sitter type and
for Λ > 0 the solution is of the anti-de Sitter type.
In the limit α → 0, we have limα→0 T− = 2Λ and we
recover the result (23) of general relativity.
In Ref. [2] only the special case 24αΛ = −1, α < 0,
and f (T) = T + αT2 has been considered.
2. f (T) = T + αT2 + βT3
This case is more involved and we will not consider it
in full detail. Equation (8) reduces to
5βT3 + 3αT2 + T − 2Λ = 0, (29)
then to Weierstrass polynomial on eliminating the
quadratic term
4z3 − g2z− g3 = 0, T = z− α
5β
, (30)
g2 =
4(3α2 − 5β)
25β2
, g3 =
4(50β2Λ + 5αβ− 2α3)
125β3
.
A complete description on how to determine the roots
of the Weierstrass polynomial is given in [7] and in Ap-
pendix A of [8]. The number of the real roots depend on
the signs of g2 and ∆ ≡ g32 − 27g23. For g2 > 0 and ∆ > 0
there are three distinct real roots; for g2 > 0 and ∆ = 0
there are two distinct real roots; and for ∆ < 0 there is
one real root.
As we noticed earlier even in the case Λ ≡ 0, the f (T)
theory generates a non vanishing effective cosmological
constant. Let us examine this case which much easier
than the generic case (29). Solutions to
5βT3 + 3αT2 + T = 0, (31)
include the trivial one T0 = 0 and
T± = − 3α
10β
(
1±
√
1− 20β
9α2
)
= −3α±
√
9α2 − 20β
10β
,
(32)
yielding the following cases.
α < 0, β < 0 :
{
T+ < 0, T = T+ ⇒ de Sitter
T− > 0, T = T− ⇒ anti-de Sitter
α ≥ 0, β < 0 :
{
T+ > 0, T = T+ ⇒ anti-de Sitter
T− < 0, T = T− ⇒ de Sitter
α > 0, 9α2 ≥ 20β > 0 :
{
T+ < 0, T = T+ ⇒ de Sitter
T− < 0, T = T− ⇒ de Sitter
α < 0, 9α2 ≥ 20β > 0 :
{
T+ > 0, T = T+ ⇒ anti-de Sitter
T− > 0, T = T− ⇒ anti-de Sitter. .
(33)
The solution is given in (20) on replacing T(Λ, · · · ) by
T± (32). We see that when β is positive we have either
a de Sitter solution or an anti-de Sitter solution, but not
both. When β is negative we may have both de Sitter
and anti-de Sitter solutions.
III. CHARGED SOLUTIONS
Now, back to the generic case where f (T) is unspeci-
fied.
In the presence of an electromagnetic source Lmat =
Lem, corresponding to an energy-momentum tensor
T(em)µ
ν = FµαFνα − 14δµνFαβFαβ with Fαβ = ∂αAβ −
∂βAα, T is no longer a constant; rather, T ≡ T(r). So-
lutions endowed with cylindrical symmetry have their
vector potential given by At = V(r) with the remaining
components being 0. Taking κ = −1, the field equations
read
2T fT − 2Λ− f + 2B
A
V′2 = 0, (34)
2(n− 2)B fTTT′
r
+
(n− 2) fT[2(n− 3)AB+ rBA′ + rAB′]
r2A
− f − 2Λ + 2B
A
V′2 = 0, (35)
fTT[r
2T + (n− 2)(n− 3)B]T′
(n− 2)r − f − 2Λ−
2B
A
V′2
+
fT
2r2A2
[
2r2ABA′′ − r2BA′2 + 4(n− 3)2A2B (36)
+ 2(2n− 5)rABA′ + r2AA′B′ + 2(n− 3)rA2B′
]
= 0,
∂r(
√
|g|Fµr) = 0, (37)
4where V′ ≡ ∂V/∂r. On eliminating Λ between (34)
and (35) we arrive at
2(n− 2)(ln fT)′r+ (n− 2)[2(n− 3) + r(F+G)] = 2Tr
2
B
,
(38)
where (ln fT)
′ = ∂r(ln fT). On eliminating T/B be-
tween (38) and (7) we arrive at
G = F− 2(ln fT)′, (39)
which implies
B(r) =
[ fT(T0)
fT(T(r))
]2
A(r). (40)
The constant T0 ≡ limr→∞ T(r). As r → ∞, the last
term in (34) drops to 0 and the equation reduces to (8).
Said otherwise, for a given function f (T), T0 is a root
of the algebraic Eq. (8). Notice that both functions
A and B must have the same number of zeros since
fT(T0)/ fT(T(r)) 6= 0 and fT(T(r))/ fT(T0) 6= 0. For
instance, if A has no zero, the solution is either a non-
horizon solution or a wormhole.
The next step is to reduce (37). Using (40) we obtain
√
|g| = fT(T(r))
fT(T0)
rn−2ℓk−n, (41)
where k− 2 is the number of polar coordinates (5),
Ftr =
B
A
V′ =
[ fT(T0)
fT(T(r))
]2
V′, (42)
and, introducing the charge parameter q,
V′ = − fT(T(r))
fT(T0)
(n− 3)q
rn−2
. (43)
An algorithm for solving the field equations (34)
to (37) for a given function f (T) consists in the following
five steps.
1. Solve (8) for T0. Insert (40) and (43) into (34)
2T fT − 2Λ− f + 2(n− 3)
2q2
r2(n−2)
= 0, (44)
and solve for T(r). T(r) = T0 + T (r) with
limr→∞ T (r) = 0;
2. Insert (40) into (7),
T(r) =
[ fT(T0)
fT(T(r))
]2 [ (n− 2)
r
A′ + (n− 2)(n− 3)
r2
A
]
,
(45)
and solve the first order differential equation for
A(r)or A(r) where A(r) = A0(r) + A(r) with
limr→∞A(r) = 0 and A0(r) is the uncharged so-
lution (20);
3. Get B(r) from (40)
B(r) = A0(r)+
[ fT(T0)2
fT(T(r))2
− 1
]
A0(r)+
[ fT(T0)2
fT(T(r))2
]
A(r);
(46)
4. Get V(r) from (43)
V =
q
rn−3
− (n− 3)q
∫ r [ fT(T(r))
fT(T0)
− 1
] dr
rn−2
; (47)
5. Use (36) for checking consistency of the results.
The latter is brought to the following form once
we eliminate T, Λ and G using (7), (34) and(39)
r2F′ + (n− 4)rF+ r2F2 + 6− 2n = 4r
2V′2
fT(T(r))A
. (48)
Compare with(16).
Since limr→∞ A(r) = limr→∞ B(r) = A0(r), the classi-
fication of the solutions (de Sitter or anti-de Sitter) fol-
lows that of the uncharged solution. For instance for
f (T) = T+ αT2, the classification of the solutions is that
given in (28) where T± is now denoted by T0 for short.
Application
We consider again the case f (T) = T + αT2. Equa-
tion (34) reads
3αT2 + T − 2Λ + 2(n− 3)
2q2
r2(n−2)
= 0. (49)
For illustration we restrict ourselves to one of the two
roots of this equation fixing n = 4.
T(r) = −1−
√
1+ 24αλ(r)
6α
, λ(r) ≡ Λ− q
2
r4
,
T(r) = T0 +
√
1+ 24αλ(r)− p
6α
, p ≡ √1+ 24αΛ,
(50)
where T0 = (p − 1)/(6α) (26). This is no restriction,
for T0 still can have both signs satisfying T0Λ < 0 or
T0Λα > 0. Thus, we will have both de Sitter and
anti-de Sitter charged solutions. Moreover, the solution
corresponding to the other root of T0, −(1 + p)/(6α),
is derived from that corresponding to the root T0 =
(p − 1)/(6α) on replacing p by −p. However, as we
shall see below, the features of these solutions are dif-
ferent.
Let
R(r) ≡
√
p2r4 − 24q2α, α < 0. (51)
If α > 0 the radial coordinate has a minimum value,
rmin = 24q
2α/p2, and the solution may describe a
wormhole if no horizon for r > rmin.
5Taking p = 0 (24αΛ = −1) yields T0 = −1/(6α) (a
double root). From (51) we see that the only possibility
left is to assume α < 0 restricting thus the sign of Λ: Λ >
0. This very special case has been treated in Ref. [2], so
we will not consider it here. Our purpose in this section
is to tackle the most general case for f (T) = T+ αT2. In
this section we assume p 6= 0.
Looking for a solution A(r) = (T0/6)r
2−m/r+A(r)
we find that A satisfies
rA′ +A = 1
(2+ p)2
[ R[r]3
12αr4
− 6q
2
r2
− p
3r2
12α
]
, (52)
where we have used
[ fT(T0)
fT(T(r))
]2
=
(2+ p)2r4
[2r2 + R(r)]2
. (53)
This yields
A =
p− 1
36α
r2 − m
r
+
1
(2+ p)2
[6q2
r2
− p
3r2
36α
+
1
12αr
∫ r R(r)3
r4
dr
]
,
V =
q
r
− qp
(2+ p)r
− q
2+ p
∫ r R(r) dr
r4
. (54)
A further integration by parts yields
A =
p− 1
36α
r2 − m
r
+
1
(2+ p)2
[6q2
r2
− p
3r2
36α
− R(r)
3
36αr4
+
p2
6αr
∫ r
R(r) dr
]
,
V =
q
r
− qp
(2+ p)r
+
qR(r)
3(2+ p)r3
− 2qp
2
3(2+ p)
∫ r dr
R(r)
B =
(2+ p)2r4
[2r2 + R(r)]2
A. (55)
The expression of B has been derived from (40) and (53).
We have checked that this expression of A along with
that of V′ (43) satisfy (48).
The two integrals in (55) could be expressed in terms
of the incomplete elliptic integral of the first kind [9]. We
content ourselves of series formulas
A =
p− 1
36α
r2 − m
r
+
1
(2+ p)2
[3(2+ p)q2
r2
− 18q
4α
5pr6
− 8q
6α2
p3r10
− 648q
8α3
13p5r14
+O
( 1
r18
)]
, (56)
V =
q
r
− 1
2+ p
[12q3α
5pr5
+
8q5α2
p3r9
+
864q7α3
13p5r13
+O
( 1
r17
)]
. (57)
First notice from (56) and (57) that in the limit α → 0
(p → 1 from the left and from the right) we obtain the
results of general relativity as the effective cosmologi-
cal constant T0/2 = (p − 1)/(12α) reduces to Λ. In
the limit λ → 0 the effective cosmological constant van-
ishes: Given Λ = 0, for this value of T0 = (p− 1)/(6α)
the f (T) theory does not generate an effective cosmo-
logical constant. Had we chosen the other value of T0 =
−(1 + p)/(6α) we would have obtained a nonvanish-
ing effective cosmological constant but wewould not re-
cover the results of general relativity in the limit α → 0.
The solution corresponding to T0 = −(1 + p)/(6α) is
derived from (56) and (57) on replacing p by −p.
We see how the first correction to general relativity,
f (T) = T + αT2, already provides solutions not in the
realm of general relativity. This applies to charged and
uncharged solutions.
IV. MULTIPOLE EXPANSION: GENERIC CASE
Back again to the generic case where f (T) is unspeci-
fied. The purpose of this section is to determine the first
nonvanishing higher order moments of the electric po-
tentialV, as we did in (57), but when f (T) is unspecified
fixing n = 4. Skipping the calculations, we provide the
answer setting x = 1/r:
T = T0 − 48q
2
f ′(T0) + 2T0 f ′′(T0)
x4 − 80640q
4[3 f ′′[T0] + 2T0 f (3)(T0)]
[ f ′(T0) + 2T0 f ′′(T0)]3
x8 + · · ·
V = qx − 2q
3 f ′′(T0)
5 f ′(T0)[ f ′(T0) + 2T0 f ′′(T0)]
x5 − 2q
5[3 f ′′(T0)2 − f ′(T0) f (3)(T0)]
9 f ′(T0)[ f ′(T0) + 2T0 f ′′(T0)]3
x9 + · · · , (58)
where f (3) denotes third derivative. Only in these expres-
sions a prime notation does not denote a derivative with re-
spect to r: All derivatives are evaluatedwith respect to T.
For instance: f (3) ≡ fTTT and f ′′ ≡ fTT. The term f ′(T0)
6is simply [2Λ + f (T0)]/(2T0) and, recall, T0 is a solution
to the algebraic Eq. (8) for a given function f (T). We
checked that for f (T) = T+ αT2 we reobtain the results
of the previous section (57).
We see that the first nonvanishing term in propor-
tional to 1/r5 unless f ′′(T0) = 0 which has never been
the case in all models considered in the literature.
This generic expansion is not valid in the special
case where the denominator in (58) vanishes: f ′(T0) +
2T0 f
′′(T0) = 0. This is, for instance, the case with
f (T) = T + αT2 if p = 0 (24αΛ = −1), which yields
T0 = −1/(6α) (a double root). In this case the first non-
vanishing term in proportional to 1/r3 if n = 4 [2].
V. CONCLUSION
Applications of the generic solution to quadratic and
cubic cases revealed that the f (T) theory may generate
an effective cosmological constant in the absence of a
real one Λ = 0. It also generates solutions that do not
recover any of the known solutions of general relativity.
To the best of our knowledge, earlier works de-
termined only anti-de Sitter solutions, mainly due to
parameters’ restrictions. We have shown both end-
behaviors, de Sitter and anti-de Sitter, are possible
within generic f (T) theory and with known quadratic
and cubic models.
When no restrictions are made on the parameters
defining the function f (T) and/or the cosmological con-
stant, the f (T) reveals further features not encountered
in the special cases. Generically speaking, the electric
potential has its first nonvanishing higher order mo-
ment proportional to 1/r5. This shows that the shape
of f (T) is unimportant as to fix the first nonvanishing
higher order term, but important as to fix the value of
the moment.
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